	Chapter 7
	Systems of Equations and Inequalities

	Section 6
	Determinants and Cramer's Rule


Page 3 of 3

Determinants

A determinant is a value assigned to a square matrix.

Matrices are named using a single capital letter. The notation for the determinant of the matrix is to place the name of the matrix inside vertical bars: the determinant for matrix A is denoted as 
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 (this is not absolute value).

For a 1x1 matrix, the value of the determinant is equal to the value of its only entry:

Given matrix 
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For a 2x2 matrix, the value of the determinant is equal to the cross product of the entries:

Given matrix 
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For a 3x3 matrix, you can use the following shortcut.

1. Duplicate the first N-1 columns, adding them to the right side of the last column in the matrix.


2. For each element in the original first row, draw a down-sloping diagonal line. Each diagonal line goes through N elements.

3. For each down-sloping diagonal, multiply the numbers along the diagonal together. There should be N terms.

4. Add the terms together.


5. For each element in the original last row, draw an up-sloping diagonal line. Each diagonal line goes through N elements.

6. For each up-sloping diagonal, multiply the numbers along the diagonal together. There should be N terms.

7. Add the terms together.


8. Subtract the result in step 7 from the result in step 8. This is the determinant of the matrix.

Expansion by Minors

For a matrix larger than 3x3, the process is more complex.

Select a row or a column in the matrix to expand on. It doesn’t matter which, but select one with as many 1’s and 0’s as possible – the work is much easier.

For each entry in the row or column:

1. Create a matrix by ignoring both the row and the column the entry is in. The determinant of this matrix is the minor of the entry.

2. Multiply the minor by -1 if the sum of the row number and column number for the entry is odd. The result is called the cofactor if of the entry.

3. Multiply the minor by the entry. The result is a term in the equation for the determinant of the matrix.

Adding all the terms resulting from the process above gives the determinant of the matrix.

A 3x3 Example

	Given the matrix, evaluate it’s determinant. 

We are going to expand by the second row because it has a 0.
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	The first element in the second row is 0. Ignoring the first column and second row of the matrix, our term is:

2nd row, 1st column makes the cofactor negative (2+1=3; odd).
	
[image: image7.wmf]ú

û

ù

ê

ë

é

-

-

6

5

1

3

0



	The second element in the second row is 2. Ignoring the second column and second row of the matrix, our term is:

2nd row, 2nd column makes the cofactor positive (2+2=4; even).
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	The third element in the second row is 4. Ignoring the third column and second row of the matrix, our term is:

2nd row, 3rd column makes the cofactor negative (2+3=5; odd).
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 EMBED Equation.3  [image: image11.wmf]ú
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 EMBED Equation.3  [image: image12.wmf]ú
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	=-0[(3)(6)-(-1)(5)]+2[(2)(6)-(-1)(-2)]-4[(2)(5)-(3)(-2)]
	

	=-0[18+5]+2[12-2]-4[10+6]
	

	=-0[23]+2[10]-4[16]
	

	=0+20-64
	

	=-44
	


Cramer’s Rule

Cramer’s rule uses determinants to solve a system of linear equations.

For a system of three linear equations, the solutions (by Cramer’s rule) are:
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where:

· D is the matrix of coefficients, and |D| is the determinant of that matrix.

· Dx is the matrix formed by replacing the x column of the coefficient matrix with the values from the constant matrix, and |Dx| is the determinant of that matrix.

· Dy is the matrix formed by replacing the y column of the coefficient matrix with the values from the constant matrix, and |Dy| is the determinant of that matrix.

· Dz is the matrix formed by replacing the z column of the coefficient matrix with the values from the constant matrix, and |Dz| is the determinant of that matrix.
Following the same pattern, Cramer’s rule can be used to determine solutions for any size system of linear equations.
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