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A Statement of the Problem

In the previous section, we know the probability of the second event given the first.

If there is a worker error on a production line, we can calculate the probability of an
accident by observing the number of worker errors and the number of accidents
following a worker error over time.

Very often in life, we see the end result, and we want to know the probability of a particular
cause for that result.

If an accident happens, what is the probability it was cause by a worker error?

Finding the Answer with a Tree Diagram

Refer to the diagram on page 377.

Event F is a worker error happened.
Event F’ is no worker error happened.
Event E is an accident happened.
Event  E’ is no accident happened.

We want to know if an accident was caused by a worker error.

1. The probability of a worker error causing the accident is found by following the path
from Start to F to E: 03.0)3)(.1(. = .

2. We know an accident happened. The probability of an accident is the sum of the
probabilities for all paths leading to an accident:

a. Start to F to E: 03.0)3)(.1(. =
b. Start to F’ to E: 18.0)2)(.9(. =
c. Sum: 21.0018.03.0 =+

3. Divide the result from Step 1 by the result from Step 2:

143.021.0/03.0 =
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Bayes’ Theorem

We can put the process into a formula. Because we have only two events with two outcomes
each, we have the special case:
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In words:

prob of 1st

given 2nd
= (prob of 1st) X (prob of 2nd given 1st)

(prob of 1st) X (prob of 2nd given 1st) + (prob of not 1st) X (prob of 2nd given not 1st)

The probability of the first event given the second equals:

Numerator: The probability of the first times the probability of the second given
the first.

Denominator: The probability of the first times the probability of the second
given the first, plus the probability of the complement of the first times
the probability of the second given the probability of the complement of
the first.

The numerator is the probability that the sequence of events happened one specific way,
ending up with a particular outcome.

The denominator is the sum of the probabilities for all sequences of events that end up with a
particular outcome.

This can be generalized to get a formula for two events with two or more outcomes each:
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This is a more compact form than the one in the book, but means the same thing:

The probability of a particular first event, given the second event, equals the probability
of the particular first event times the probability of the second event given the
particular first event plus the sum of all probabilities leading to the second event.
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Sigma Notation

Anyone familiar with computer programming will recognize this as a loop.

Let’s say you want to calculate the 5th partial sum of a sequence. Starting with 1, you calculate
the value of each term up through 5: 1st, 2nd, 3rd, 4th, 5th. Then you add them together.

You start at 1. You end at 5.
You need a variable to keep track of which term you are on. Let’s use k. This is called the
index of summation, or the summation variable.

The Greek capital letter sigma, Σ, is used to indicate summation.
Below the Σ, you set your starting point: k=1.
Above the Σ, you set your ending point: 5.
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Expanding from Sigma Notation

Make a three column table.

In the first column, list all possible k values.

In the second column, re-write the function for each k value, replacing the k with the value.

In the third column, evaluate the function for each k value.

Finally, add together all values from the third column.


