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This section in the book discusses several solutions, but does not present any algorithms for finding
the solutions.

Case 1:

Let’s begin with quadrilaterals that meet these conditions:

1. All angles are less then 120°.

2. At least one pair of sides is parallel.

For at least one pair of parallel sides, the sides are centered on each other (the perpendicular
bisector of one is the perpendicular bisector of the other).

In these cases, the shortest network will have two Steiner points. Both Steiner points will be
on the perpendicular bisector of the parallel sides that meet conditions 2 and 3 above, and
there will be an edge that connects the two Steiner points.

Recall that the sum of all angles in a triangle is 180°.

The process for locating the Steiner points, and drawing the tree, is as follows:

1. Draw the perpendicular bisector of pair of parallel sides that satisfy conditions 2 and 3
above.

2. From each of the vertices, draw line segments at a 30° angle from the side the vertex is
on to the perpendicular bisector.

3. The four line segments will create two points of intersection. These are the Steiner
points. The angles between each pair of new line segments will be 120°, and will create
a triangle with one of the sides.

4. The shortest network will include the four new edges (from vertices to Steiner point)
and the portion of the perpendicular bisector between the two Steiner points.

Note: There may be more than one pair of parallel sides that meet conditions 2 and 3 above.
In that case, it is necessary to complete the process for each pair, and then calculate the
shortest.
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Case 2:

Next, let’s look at quadrilaterals that do not meet the conditions above.

1. Find a Steiner point by selecting three vertices such that the triangle formed has no
angle larger than 120°.

2. Connect those three vertices through the Steiner point (this is called a Steiner tree).

3. Connect the fourth vertex to its closest vertex.

In these cases, there may be more than one Steiner point, since there are four ways to select
three vertices from four vertices (from basic probability; more on this in a later chapter).

We need to work out each of the four cases, and choose the shortest network among the four.

It may happen that we are not able to find a Steiner point for any of the four cases. This will
happen if all four of the triangles contain an angle larger than 120°. In this case, the shortest
network is the minimum spanning tree.

Case 3:

Finally, let’s consider the case where we have more than four vertices.

The computational power involved is tremendous. Therefore, we need to settle for an
approximate algorithm.

It turns out that Kruskal’s Algorithm for finding a minimum spanning tree is the best
approximate solution. 

It has been proved that the maximum percentage difference in length between a minimum
spanning tree and the shortest network is never more than 13.4%. Further, in most real-life
situations the percentage difference has not been more than 5%.


